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^ , Abstract 

For a vertex operator algebra V, a ^-module M and a nonnegative integer n, 
■ an A„ (y )-bimodule A„(M) is constructed and studied. The connection between 

A.n[M) and intertwining operators are discussed. Moreover, the A„(T^)-biniodule 
^ ' At siV) is a quotient of An{V) for all s,t < n. In the case that V is rational, A„(M) 

' for irreducible ^-module M is given explicitly. 

^ 1 Introduction 

I The associative algebra An{V) for any vertex operator algebra V and a nonnegative integer 
n was constructed in |DLM3] such that An-i{V) is a quotient of and there is a 

^ . bijection between irreducible admissible V^-modules and irreducible A„(V^)-modules which 
'. cannot factor through An-i{V). Moreover, V is rational if and only if An{V) are finite 
dimensional semisimple associative algebras for all n. In the case n = 0, Aq{V) is exactly 
the algebra A{V) investigated in [Z]. An A(^)-bimodule A{M) for any l^-module M was 
also introduced in |FZj to deal with the intertwining operators and fusion rules. 
^ ■ Following the A(M)-theory from [FZj we construct a sequence of 74„(V^) -bimodules 

^ . A„(M) for any V"-module M and a nonnegative integer n such that A„_i(M) is a quotient 
of An{M) and Ao(M) = A{M). Moreover, the A„(\/)-bimodule At,siV) for s,t < n 
defined in |DJ] is a quotient of A„(M). It is established that if V is rational then there is 
a linear isomorphism from the space of intertwining operators to 

Hom^„(V')(A„(M*) (^A„iv) M^{s),M\t)) 

for s,t < n where M'^ = (Bm>oM'^{m) {q = i,j,k) are the irreducible V^-module such 
that ^^(O) 7^ 0. This result is a generalization of that obtained in [FZj when n = 0. The 
bimodule structure of A„(M) for any irreducible module for rational V is given explicitly. 
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One can regard A„ as a functor from the V^-module category to the y4„(l^)-bimodule 
category. One important property of the functor Aq = A is that A respects to the 
tensor product at least for rational vertex operator algebra. That is, A{M Kl A^) = 
A{M) ^A{v) A{N) for any V^-modules M, N where M Kl is the tensor product of V- 
modules as studied in |HLlt IHL2t IH] . Unfortunately, this is not true for general n. This 
can be seen clearly from the explicit A„(K)-bimodule structure of A„(M). 

Another interesting result about A„(M) is the relation between A„(M) and A„(M') 
where M' is the contragredient module of M as defined in [FHL] . It is well known from 
the bimodule theory that A„(M)* is also an A„(y)-bimodule in an obvious way. We 
show that if V is rational and C2-cofinite then A„(M)* is isomorphic to A„,(M') for any 
irreducible V^-module M. The proof involves a relation on the fusion matrices associated 
to M and M' [DJXj . This explains why we can only prove the isomorphism between 
An{M)* and A„(M') under rationality and C2-cofiniteness assumptions. We certainly 
believe that this result is true in general as long as A„(M) is finite dimensional. A proof 
of this result without using the fusion matrices will be important and useful. 

Note that our A„(M) is different from v4„(M) defined in [HYj where A„(M) = 
M/On{M) and 0„(M) also contains 1) +L(0))M. From the connection between in- 
tertwining operators and A„(M) discussed below it seems that 1) + L(0))M should 
not be a subspace of 0„(M) in our consideration. 

One of the important motivations for constructing y4„(l^)-bimodule A„(M) is to study 
the extension of rational vertex operator algebras. It is a well known conjecture that if 

is a rational vertex operator algebra then any extension f/ of \^ is also rational. It is 
expected that the A„(M)-theory will play roles in proving this conjecture. 

There are associative algebras Ag^n{V) associated to an automorphism g of V of finite 
order and n G |DLM4j . |MTj . One could construct y4<;_„(\/)-bimodule Ag^n{M) for 

a (7-twisted ^-module M following the ideals of this paper. 

The paper is organized as follows. We review the construction of associative algebras 
An{V) and relevant results from [DLM3] in Section 2. The construction of A„(M) is 
given in Section 3. We also show how the identity map on M induces an y4„(V^) -bimodule 
epimorphism from A„(M) to A„_i(M). Section 4 is devoted to the study of relation 
between A„(M) and intertwining operators. As in |FZ] and |L2] we argue how the map 
from I^:^, to }iomA„iv){MM') M^(s), M'=(t))^by sending / G T*Cm. to It,s 

which maps M-^ (s) to M''(t) induces a bijection from X^, j^^j to 

Hom^„(v.)(A„(MO ®A„(y) M^{s),M\t)) 

if V is rational. Various properties of A„(M) are discussed. In Section 5 we investigate 
the relation between A„(M)* and A„(M'). 

2 An(y) construction 

This section is a review of the associative algebra AniV) and related results from |DLM3] . 
Also see [Z] . 
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Let V = {V,Y,l,Lo) be a vertex operator algebra [B], [FLM] . [LLj . We first recall 
different notions of modules from |DLMlt[FLMt lZ]. A weak V-module M is a vector space 
equipped with a linear map 

V ^ YMiv, Z)=Y^ ^^n-2~""^ (Vn € EudM) 

nGZ 

which satisfies the following conditions for u & V, v & V, w & M and nGZ, 

UnW = for n 0; 
Ym{1,z) = idM] 

Zq^S{— — —)Ym{u, zi)Ym{v, Z2) - z^'^d^— — —)Ym{v, Z2)Ym{u, zi) 

Zq —Zq 

= Z2^6{— — —)Ym{Y{u, zo)v, Z2). 

Z2 

An (ordinary) V"-module is a weak y- module M which carries a C-grading induced by 
the spectrum of L{0) where L{0) is a component operator of 



Ym{oj,z) = J2^^ 



nez 



That is, M = ©agc^a where Mx = {w E M\L{0)w = Xw}. Moreover one requires that 
Mx is finite dimensional and for fixed A, Mn+x = for all small enough integers n. 

An admissible ^-module is a weak l^-module M which carries a Z+-grading M = 
®nez+M{n) that satisfies the following 

VmM{n) C M(n + wtw - m - 1) 

for homogeneous v EV.\i is easy to show that any ordinary module is admissible. 

For an ordinary V^-module M = ^-^^^Mx, the contragredient module M' is defined 
in |FHL] as follows: 

raGA 

where is the dual space of Mx- The vertex operator YM'{a, z) is defined for a e via 

{YM\a,z)f,w) = {f,YM{e^'^^'\-z-y^'^a,z~')w), 

where (/, w) = f{w) for / G M', w e M is the natural paring M' x M — > C. 

V is called rational if every admissible \^-module is completely reducible. It is proved 
in |DLM2] that if V is rational then there are only finitely many irreducible admissible 
\^-modules up to isomorphism and each irreducible admissible ^-module is ordinary. Let 
M^, . . . , MP be the irreducible modules up to isomorphism with M° = V. Then there 
exist Aj G C for i = 0, . . . ,p such that 

= ©~ o^I^+ra 



with My 7^ where L{0)\j^i^ = Aj + n and n G Z+. Aj is called the conformal weight 

of M*. We denote M^[n) = My_^_^. Moreover, Aj and the central charge c are rational 
numbers (see |DLM5] ). Let (M*)' = M** for some unique i* G {0, 

y is called C2-cofinite if dimV/C2(V) < oo where C2iV) = {u_2v\u,v G V) [Z]. 

We now define algebra An{V) for nonnegative integer n. Let 0„(V^) be the linear span 
of M o„ ti and + L{0)u where for homogeneous u & V and v & V, 

uo^v = Res^F(M, z)v -^^^ . 

Also define second product *n on V for u and v as above: 



•m—n ^ / 



m=0 

^^^^/ , /"^ + n\ /wtw + 72 



m=0 i=0 



n / \ % 



^i—m—n—V^- 



Extend linearly to obtain a bilinear product on V. Set AniV) = VjOniV). 
The following theorem summarizes the main results of |DLM3] . 

Theorem 2.1. Let V he a vertex operator algebra and n a nonnegative integer. Then 

(1) Aniy) is an associative algebra whose product is induced by *„. 

(2) The identity map on V induces an algebra epimorphism from An{V) to An-i{V). 

(3) Let W be a weak module and set 

^n{W) = {w e W\umW = 0, M G V, m > wtw - 1 + n}. 

Then VLniW) is an An(y)-module such that v + OniV) acts as o{v) where o{v) = fw^-i 
for homogeneous v and extend linearly to entire V. 

(4) Let M = ©^^QM(m) be an admissible V -module. Then each M{m) for m < n is 
an An{V)-submodule of fln{W). Furthermore, M is irreducible if and only if each M{n) 
is an irreducible An{V) -module for all n. 

(5) V is rational if and only if A^iV) are finite dimensional semisimple algebras for 
all n > 0. In this case 

p n p n 

MV) = 00EndM'(j) = 00M^(j) ®cM^*(j) 

i=0 j=0 i=0 j=0 

where M* fori = 0,...,p are the irreducible V -modules. Moreover, Os-iiV) / OsiV) and 
As-iiy) are two sided ideals of AniV) for s = 1, ...,n, and 

p 

O,_i(r)M(V) = 0EndM*(s). 

i=0 

(6) The map M i— )■ M{n) gives one to one correspondence between irreducible admis- 
sible V -modules and the irreducible An{V)-modules which are not An^i{V) -modules. 
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The most parts of Theorem 12. II are clear. We give a few words on Theorem 12. II (5). By 
(1) the identity map on V induces an algebra epimorphism from An{V) to An_i{V) with 
kernel On-iiV)/OniV). Since An{V) is semisimple we conclude that both On-iiV)/On(y) 
and An-i(y) are the ideals of An{V). It is now clear that 

p 

OniV)/On-iiV) = 0EndM^H. 

1=0 

The decomposition of Os{V)/Os-i(y) for arbitrary s follows immediately. 



3 A^(y)-bimodules A„(M) 

Let V" be a vertex operator algebra and M be an admissible ^-module. Motivated by 
the y4(K)-bimodule A{M) from ^ we define and study the y4„(y)-bimodule An(M) 
for any nonnegative integer n. The construction of A„(M) is largely influenced by the 
construction of An{V) |DLM3j and the intertwining operators [FHL] . See |HYj for a 
different treatment. 

Let On{M) be the linear span of u Oj^w where for homogeneous u & V and w G M, 

(1 + 

uo^w = Res^Y{u, z)w . 

Also define a left bilinear product *„ for u & V and w & M : 



u*„ w 



E(-l)"('":lRe.K(.,.)<i±i£P. (3.1) 



m=0 

n oo 



m=0 1=0 

and a right bilinear product 



m + n\ f wtw + n 
n J \ i 



m=0 ^ 

n oo 



^ )^es.Y{u,z) ^ J^^^^ w (3.2) 



m=0 1=0 



m + n\ f wtu + m — 1 
n ) \ i 



Ui—m—n—l'^- 



Set A„(M) = M/0„(M). In the case n = the Ao(M) is exactly the v4(\/)-bimodule 
A{M) studied in [FZ] 

Remark 3.1. We have already mentioned that our A„(M) is different from A„(M) de- 
fined in IHY^ where An{M) = M/0„(M) and 0„(M) also contains (L(-l) + L(0))M. 

Remark 3.2. In the case n = it follows immediately from the definitions that Ao(V^) = 
Ao{V) = A{V) l^]. But it is not clear if this is true in general. It will he established later 
that Aniy) = An(y) for all nifVis rational. 
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Lemma 3.3. (1) Assume that u & V is homogeneous, w ^ M and m > k > 0. Then 

Res.r («, G 0„(M). 

(2) For homogeneous u E V and w G M, m *„ w — w *„ m — ReSzY{u, z)w{l + z)^'^'^~^ g 
0„(M). 

Proof: The proof of (i) is similar to that of Lemma 2.1.2 of [Z]. (ii) follows from the 
definitions. □ 

Lemma 3.4. We have the following containments: 

(1) Oniy) *r.MC 0„(M), M *„ OniV) C 0„(M), 

(2) V 0„(M) c 0„(M), 0„(M) *nV C 0„(M). 

Proof: The argument of containments {L{-1) + L{0))V *„ M C 0„(M), M *„ (Iv(-l) + 
L{0))V C 0„(M) is the similar to that of (L(-l) + L{0))V *nV C On{V), V *„ (L(-l) + 
L(0))V C On{V) presented in the proof of Lemma 2.2 of |DLM3j using Lemma [2.11 (2). 
It remains to prove that {uo„v) *nW,w*n{uo^v),u *„ (f o„ w) , {u o„ w) *„ t> G 0„ (M) for 
■u, f G and w G M. Since the proofs are similar we only prove {u o„ t>) *„ w G 0„(M). 
We have 

/wtn + raV 

(U 0„ t;) W = I . 1 (M_2„_2+it^) *n 

i>0 ^ ^ ^ 

= Z^Z^(-i) ( ^ )( , lRes,,F(M_2n-2+.t^,^2V 7t;^it;^ 

5^(-l)™ + Res,,Res,,_,,r(r(M, ^1 - ^2)t^, ^2)if 

n \ / 



m=0 

Nwtu+n/1 I wtD+2n.+l 



1 + ;gi)""(l + ^2) 

(Zl - 22)2"+24+'"+" 

m + n\^ X../ N (1 + ;zi)™*"+"(l + -22)"*''+^"+^ 



f^(-l)'" + Res,,Res,,r (n, (t;, ^2)^' 

m=0 ^ ^ 

— ^m + n\^ ^ , (1 + zi)"*"+"(l + ;Z2)'^*^+^"+^ 



[Zi - Z2)2"+24+'"+" 



^(-1)"^ + """j Res,,Res,,y (t;, ^2)1^(m, 



m=0 

n 



(^1 - Z2)2"+222^+™+" 

m + r2\ f—2n — 2^ 



n / \ I 

1 + 2i)"^"+"(l + Z2) 



m=0 j>0 

Res2jRes22y(-u, Zi)F(f , ,22)^- 



2n+2+j l+m+n—i 
^1 ^2 

m=0 j>0 V / V / 

ReS22ReS2,y(f , Z2)>'(m, Zi)w ^ „^ 3n+3+m+^ ' 

^1 ^2 
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From Lemma [3.31 we know that both 

Res,,Res,,F(M, zi)Y{v, Z2)w '„+2+ii +m+n-» 

and 

Res,2Res^,y(?;, 2;2)1'(m, zi)w _^ 3«+3+m+i 

Zi z^ 

he in 0„(M). The proof is complete. □ 
RecaU from |DLM3] that the hnear map 

induces an anti-isomorphism v4„(l^) to itself. We can now establish the following: 

Theorem 3.5. Let M he an admissible V -module and > 0. 

(1) The A„(M) is an An{V)-bimodule such that the left and right actions of An{V) 
on A„(M) induced from h3. 1\) and hS. 2^) . respectively. 

(2) The identity map on M induces an An{V)-bimodule epimorphism from A„(M) to 
A„_i(M) ifn>l. 

(3) The map 

induces a linear isomorphism from A„(M) to itself such that 



for u & V and w G M. 

(4) IfV is rational then both Os-i(M)/Os(M) and As-i{M) are the An{V)-bimodules 
for s = 1, ...,n and 



A„(M) = Ao(M) 0,_i(M)/0,(M). 

s=l 

Proof: (1) By Lemma [3.41 it is good enough to prove the following relations in A„(M) 
for u,v G V and w G M : 

(U *nW) *nV = U *„ (w *„ t;) , 1 W = W *„ 1 = W 

{U *nV) *nW = U *„ {v *nW),W *„ {u *„ v) = {w *„ u) *„ V. 

Again the proofs are similar for these relations. We give a detail proof for [u *n w) *nV = 

U *n {W *n V). 
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Using the definition we have 

mi ,7712=0 ^ ^ 

■Res,,Res,,r (u, zi)Y{v, Z2)w +,n,+in+m2+i 



E (-1 



n I \ n 



mi ,7712=0 

■Res,,Res,,F(t;, Z2)>'(«, ^^Ow; ' 

2t 



E (-1) 



mi,m2=0 



/ mi + n\ / m2 + n 
n /V n 



■Res,2Res,,_,2>^(F(M, - 2:2)^;, ^2)^ ^+^^+1 ^+^,+1 



^1 ^2 



E E(-i)"'^<'";:1('";:1("T")( 

ii,m2=0i,j>0 ^ ^ ^ ^ ^ ^ ^ 



■Res22Res2,_^2F(F(M, Zi - Z2)v, Z2)w 



n — nil — 1 
j 



^2 



2n+mi+m2+2+j 



. t E(-i)"-<'"\:ic^"")("T")(' 

mi,m2=0i,j>0 ^ ^ ^ ^ ^ ^ ^ 

/j^ _j_ ^\wtu+wtv+n+m2 — l—i 

■Res^,F(Mj+,t;, 2;2)'2^- ^ 



■n — mi — 1 
j 



^Z2^ \'^i+ju,^2j^ 2„+mi+m2+2+j • 

^2 

Note that wtuj+jf = wtw + wtf — z — j — 1 and wtu + wtf + n + m2 — 1 — i = wiUi^jV + 
+n + j +7712. It follows from Lemma 1X31 that 'ReSz2Y [UiJ^jV , Z2)w- L+mi+m2+a+j lies 

in 0„(M), as desired. 

(2) By Lemma 13.31 0„(M) C 0„_i(M). So it is enough to show that u *n w = 
u *n-i w,w *nU = w *„,-! u modulo On_i(M) for 77 G and w E M. The proof is similar 
to that of Proposition 2.4 of |DLM3j . 

(3) We fist prove that 0(O„(M)) C 0„(M). Recall the following conjugation formulas 
from [FHL] : 
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on M for u ^V. Then for u and w G M, 



(1 + 2 



wtu+ra 



Res / ^7^, e^«r((-l)^Wn,-z)e-*^(°) 



Making change of variable z = — and using the residue formula for the change 

1 + 2:0 

variable [Z] 

Res^^(z) = Res,„(^(/(zo))^/(2;o)) 
(for g{z) = Y.n>N'"nZ''^°' and f{z) = X]n>oC«^" ^^^^ n G Z, t;„ G V", a,c„ G C) yields 

0(m 0„ 

= _Res,„il±^|^J^r (e(i+^°)-'^«(l + ;^o)'^^°H-l)^^°^t.,2o) e^«e-^^(°)^ 

Zq \ / 



^ i.Res,ii^^L_ r(L(l)^M, z)e^(^)e-*^(°)ti; 

-lytu+i J2 iRes, ^^^^^2^^f'"^'"V (L(l)^u, z)e^(i)e'^^^(°)^ 



j=0 



which lies in 0„(M) by definition. 

Since the proof (p{u *n w) = (p{w) *n (p{u) and (p{w *n u) = (p{u) *n 4>{w) are similar, 
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give a proof of (j){w *„ u) = (piu) *„ only. We have 



w *„ u) = [ ^ (-1)" ^ """j Res.r (m, 

\m=0 V ^ / 

X:(-l)»("';")Res,(i±i^^e'C)r((-l)'(%,-.), 

m=0 ^ ^ 



m=0 

— Z 



V V / \ / 1 + z' 



m=0 ^ ^ 

j=0 J- m=0 \ / ^ 



00 



The proof of (4) is similar to that of Theorem 12.11 (3). □ 

We now take M = V. Theorems 12.11 and 13.51 give the following corollary. 

Corollary 3.6. Let n>0. Then 

(1) A^niy) is an associative algebra with the product *„ and the identity 1 + OniV). 

(2) On{y)/On{y) is a two sided ideal 0/ A„(K). 

(3) If V is rational then both 05._i(V^)/0s(V^) and Ag^iiV) are two sided ideals of 
for s = 1, 77, and 

n 

A„(V) = A,{V) Os-r{V)/0,{V). 

s=l 

We remark that u + 0„(V) does not lie in the center of A„(V) as w *„ m — -u *„ w = 
(L(-l) + L(0))m for ueV. 

4 An{M) and intertwining operators 

In this section we discuss how A„(M) is related to the intertwining operators and fusion 
rules. 

We first review the intertwining operators and tensor product of modules from [FHL] . 

f \ 

Let (VT*, Y) be weak \^-modules for i = 1,2, 3. An intertwining operator of type ( ^^^2 1 
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is a linear map 



U I—)- /(m, z) = Un 



satisfying the following conditions: 

(i) For any fixed n E C,u E W^, v G VT^, Un+kV = for sufficiently large integer k; 

(ii) I{L{-l))u, z) = fjiu, z) for uEW^- 

(iii) The Jacobi identity holds: 

z^^5{— — —)Y{u,zi)I{v,Z2)w - Zq^5{— — —)I{v,Z2)Y{u,zi)w 

Zq —Zq 

= Z2^6{— — —)I{Y{u,zo)v,Z2)w 

Z2 



for any u E V , v E and w E W"^ 



Denote by X ( ^^^^ ^ ) the vector space of all intertwining operators of this type. 



We call 



N^i vy2 - dimX | ^2 



W 



3 



the fusion rules. 

Now let = ®'^=oW\n) {i = 1,2,3) be three admissible l^-modules such that 
L(0)|vi/»(n) = {n + hi)id for some constant hi E C for i = 1,2,3 with l^*(0) 7^ 0. We 

write degw = n for w E WHn). Then an intertwining operator J G X I , „ 1 can be 



written as 



I{v,z) = J2 



n6Z 

for V E (cf. Proposition 1.5.1 in [FZj ). It is clear from the definition that for 
homogeneous u E W^, m^n eTj, 

u{n)W'^{m) C iy^(degu + m — n — l). 

We now can define the tensor product of two admissible V^-modules. The tensor 
product for the admissible modules M, is an admissible module M M N together with 

( m^n\ 

an intertwining operator F G X I I satisfying the following universal mapping 

/ W 

property: For any admissible l^-module W and any intertwining operator / G X I ^ ^ 
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there exists a unique V^-homomorphism ip from MMN to W such that I = ipoF. Note that 
the definition of the tensor product does not guarantee the existence of tensor product. 

From now on we assume that V is rational and C2-cofinite. Let M^,...,M'^ be the 
irreducible V"-modules as before. For short we set Nj', = N^^ij^^j for i,j,k G {0,...,p}. 



Then M are finite (cf. IXBD] ). We also set Xf. = X . . . Let if-' for s = 1, M 
be a basis of I^j. The following result is well known: 



ij Mmi 



Theorem 4.1. // V is rational then the tensor product M* Kl exists for any i,j. In 
fact, 



AT* 



k,s 

ivi 

k=0 s=l 



where M'^'^ ^ as V-module and F = ELo Es=\ 4'' ^^^^ Iif{u,z)M^ C 

The associativity of the tensor product is established in [H] with some additional 
assumptions: 

Theorem 4.2. If V is rational, C2-cofinite and self-dual, then the tensor product ofV- 
modules is associative. 



We now turn our attention to the connection between intertwining operators and 
A„(M). Let / e Xfj-. Then for w e 

I{w, z) = Y^ w{m)z-"'-^z-^^-^^+^^ (4.3) 

and w{degw — 1 — t + s)M^ (s) C M^(t) for all s, t. For short we set 

•^Isl^) = w{degw — 1 — t + s) 

for homogeneous w and extend it linearly to entire M\ The following result is a general- 
ization of Lemma 1.5.2 of |FZj and Theorem 3.2 of |DLM3j . 

Lemma 4.3. The map {w\w^) i— ?■ o{g{w'^)w^ for G M\w^ G M^{s) for s,t < n 
induces an An{V)-module homomorphism It^s from A„(M*) ®An{v) M^{s) to M^{t). 

Proof: As in jFZj we need to verify that olsiu *„ w*) = o('u)o[^(w*), olgiw'^ *n u) = 
ol^{w')o{u) and o[,(w) = on M^{s) with s < for G and w G 0„(M*). The 
proof is similar to that of Lemma 4.1 of |DJ] . □ 

The proof of the following theorem is similar to that of Theorem 1.5.2 of [FZJ (see the 
proof of Theorem 2.11 of |L2j ). 
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Theorem 4.4. Assume that {s)^ M^{t) 7^ where s,t <n. Then the map from Xf- to 

Hom^„(v.)(A„(MO ®A^iv) M^{s),M\t)) 

by sending I to It s is a linear isomorphism. 

We need to review a well known result about finite dimensional simple algebra. Let 
A be a finite dimensional semisimple associative algebra and W an A-module. Then W* 
is a right A-module such that {fa){w) = f{aw) for a E A, f E W* and w E W. 

Lemma 4.5. If S,T are two simple A-modules then S* ®aT = if S and T are inequiv- 
alent, and S* ®a S = C. 

The following corollary tells us the bimodule structure of A„(M*) explicitly. 

Corollary 4.6. The An{V) - bimodule A„(M*) has the decomposition 

p n 
j,k=0 s,t=0 

In particular, 

p n 
j=0 s,t=0 

Proof: By Theorems 12. 13.51 and Lemma 14.51 we know that 

p n 

A„(M') =00 a'l^{s,t)M\t) ®c M^\s) 

j,k=0 s,t=0 

as an y4„(y)-bimodule for some nonnegative integers a^j{s,t). Theorem 14.41 then asserts 
that afj(s,t) =iV^.. □ 

We remark that from the associativity of the tensor product (Theorem 14. 2p one can 
easily prove that A{MMN) = A{M) ®a{v) ^N) for any l^- modules M, N. That is, A is 
functor from the V^-module category to the A(y)-bimodule category preserving the tensor 
product. However, the functor A„ does not preserve the tensor product by Corollary 14. 6[ 

The following corollary is a refinement of Theorem 13.51 (4) . 

Corollary 4.7. Let n>l. Then as a An{V) -bimodule 

p n 

On-i{M')/On{M') = 0iV^.(M^(n) ® M^\s) © M^(s) ® M^\n)). 

j,k=0 s=0 
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We next investigate the relation among A„(V) and At^s{V) defined in |DJj . The 
At,s(y) is an Atiy) — 74s(\^)-bimodule and the construction of At^siV) is motivated from 
the representation theory of vertex operator algebra. The At^s{V) is defined as V/Ot^s{V) 
where Ot^siV) is a subspace of V mainly containing L{—l)u + (-^^(0) + s — t)u and 



;i + 2) 

's ^ — ^^^^z t+s+2 



uoiv = Res,. , ^ FCu, 



for u,v & V. One can easily show that 

I' 1 _j_ ^\wtu+s+a 
RgSz i_|_5_|_2+6 

-r(M,z)t;GOi,,(\/) 

for any nonnegative integer a < b (cf. |DJj ). It is clear from the definition that On{V) 
is a subspace of Ot,s{V) for any s,t < n. Using the proof of Theorem 13.51 we see that the 
identity map on V induces an epimorphism of A„(V")-bimodules from AniV) to At^siy) 
for s,t <n. Since V is rational here, Af^siV) is a sub A„(V^)-bimodule of A„(y). In this 

case, 

p mm{t,s} 

As{V) = ^ M\t-l)^M'*{s-l) 

i=0 1=0 

by Theorem 4.16 of [DJj. 

Finally, we interprete Corollary 14.61 in terms of intertwining operators. Recall a well 
known fact about associative algebra. If A is an associative algebra and M, are A- 
modules then Homc(M, A^) is an A-bimodule defined as follows: for / G Homc(M, A^), 
w & M and a,b G A, {afb){w) = af{bw). If both M,N are finite dimensional then 
Homc(M, A^) is isomorphic to A^ (g)c M* as A-bimodule where M* has a right A- module 
structure as mentioned before. 

We now fix an intertwining operator / G X^j. Recall the expression of I{w,z) from 
equation (14. 3p . Set 

Ols = {oUw)\w G M^} C Homc(M^(s),M^(t)). 

Lemma 4.8. Let s,t<n. If I ^ then O^^ = Homc(M^ (s), M'=(t)). 

Proof: Note that o{a)ol g{w)o{b) = 0(^(0 *„ w *„ b) on (s) for a,b & V and w G 
M* from the proof of Lemma 14.31 It follows immediately that Of^ is an AniV) sub- 
bimodule of Rom.c^M'^ (s) , M'^ (t)) . So it is sufficient to prove that O^^ 7^ as long as 
Homc(M^(s), M''{t)) 7^ 0. Let 7^ m G M^{s). Using a result from [DM] and [Ll] we know 
that 

M'' = {w{m)u\w G M\m G Z). 
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This implies that M'^it) is spanned by olg{w)u for w G M*. In particular, Of^ 7^ 0, as 
expected. □ 

Recall that jf,'"" for m = 1, M is a basis of Xf, and M'''™ ^ are 1/- modules for 
m = 1, ...,N^j as before. Then by Theorem 14. II and Corollary 14.61 we have 

Corollary 4.9. As An{V)-bimodule 

j,k=0 m=l s,t=0 

5 The dual of A^(M) 

In this section we study the dual of A„(M) for a V^- module M. First note that A„(M)* 
is also an y4„(l^)-bimodule such that for a,b E V, f E A„(M)* and w e M, {afh){w) = 
f{b *nW*n a). 

Lemma 5.1. Let A be a finite dimensional semisimple associative algebra and M,N be 
the simple A-modules. Then the dual of A-module M (8> A^* is isomorphic to N ^ M*. 

Proof: Let {ui, Um\ and {f 1, f„} be bases of M and N, respectively. Let uj^} 
and be the dual bases of M* and A^*. Let {eij\i,j = l,...,m} be a basis of 

EndM C A such that CijUk = Sj^kUi for all 1 < i, j, k < m. Similarly, let {fij\i,j = 1, n} 
be a basis of EndA^ C A such that fijVk = Sj^kVi for 1 < i, j, k < n. Note that {Eij = Ui® 
v*\i = 1, ...,m,j = 1, n} is a basis of M®N* and {F^t = fs^-uj'ls = 1, n, t = 1, m} 
is a basis of N M* . Let {E*-\i = l,...,m,j = l,...,n} be the dual basis of (M® A^*)*. 

We claim that fstE*j = StjE*^ and E*-eab = SiaE^j. Since the proofs of two relations 
are similar we only give the detail for the first relation. From the definition we know that 

{fstE*j){Eab) = E*j{Eabfst) = Sb,sE*j{Eat) = 5b,s5a,iSt,j 

for any a,b. That is, f^tE-j = StjE*^. 

It is clear that the linear map from (M ® N*)* to N ® M* by sending E*^ to Fji is an 
A-bimodule isomorphism. □ 

From Lemma 15.11 we see that there is a natural paring 

{■,■): M N* X N M* ^ C 

such that {u^ f,v (g) g) = f{v)g{u) for u e M,v e N, f e N*,g e M* . Moreover the 
following relation holds 

(axfe, y) = {x, bya) 
for X e M (S) N*,y e N (g) M*,a,b e A. 
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Proposition 5.2. Let V be a rational, C2-cofinite vertex operator algebra. Assume that 
M°, ...,MP are the irreducible V -modules such that Xi > if i ^ 0. Then for any n > 
we have A„(M*)* and A„(M**) are isomorphic An{V)-bimodules. In particular, y4(M*)* 
and A{M^ ) are isomorphic A{V)-bimodules. 

Proof: Recall that the fusion matrix N{i) = {Nf-Y-^^^^. By Lemma 5.5 of |DJX] we know 
that N{i*) and the transpose N{i)'^ of N{i) are the same. That is, Nj^.j = Nf,^ for all j, k. 
By Corollary 14. 6^ we have 

p n 

A„(M0 =00 N^,M\t) ®c M^\s), 

j,k=Os,t=0 

and 

p n 

^n{M^l =00 N^^kM\s) ®c M^*(t). 

j,k=Os,t=0 

Lemma [5.11 then tells us that A„(M*)* and A„(M**) are isomorphic y4„(V^)-bimodules. 
□ 

References 

[ABD] T. Abe, G. Buhl and C. Dong, Rationality, Regularity, and C2-cofiniteness, 
Trans. Amer. Math. Soc. 356 (2004), 3391-3402. 

[B] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. 

Natl. Acad. Sci. USA 83 (1986), 3068-3071. 

[DJ] C. Dong and C. Jiang, Bimodules associated to vertex operator algebra. Math. 

Z. 289 (2008), 799-826. 

[DJX] C. Dong, X. Jiao and F. Xu, Quantum Dimensions and Quantum Galois The- 
ory, Trans. Amer. Math. Soc, to appear; a rXiv:1201. 27381 

[DLMl] C. Dong, H. Li and G. Mason, Regularity of rational vertex operator algebras. 
Adv. Math. 132 (1997), 148-166. 

[DLM2] C. Dong, H. Li and G. Mason, Twisted representations of vertex operator 
algebras. Math. Ann. 310 (1998), 571-600. 

[DLM3] C. Dong, H. Li and G. Mason, Vertex operator algebras and associative alge- 
bras, J. Alg. 206 (1998), 67-96. 



16 



[DLM4] C. Dong, H. Li and G. Mason, Twisted representations of vertex operator alge- 
bras and associative algebras. International Math. Research Notices, 8 (1998), 
389-397. 

[DLM5] C. Dong, H. Li and G. Mason, Modular-invariance of trace functions in orbifold 
theory and generalized moonshine. Comm. Math. Phys. 214 (2000), 1-56. 

[DM] C. Dong and G. Mason, On quantum Galois theory, Duke Math. J. 86 (1997), 
305-321. 

[FHL] L B. Prenkel, Y. Huang and J. Lepowsky, On axiomatic approaches to vertex 
operator algebras and modules. Memoirs American Math. Soc. 104, 1993. 

[FLM] I. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and 
the Monster, Pure and Applied Math., Vol. 134, Academic Press, 1988. 

[FZ] L B. Frenkel and Y. Zhu, Vertex operator algebras associated to representations 

of affine and Virasoro algebras, Duke Math. J. 66 (1992), 123-168. 

[H] Y. Huang, Differential equations and intertwining operators. Comm. Contemp. 

Math. 7 (2005), 375-400. 

[HY] Y. Huang and J. Yang, Logarithmic intertwining operators and associative 
algebras J. Pure Appl. Algebra 216 (2012), 1467-1492. 

[HLl] Y. Huang and J. Lepowsky, A theory of tensor products for module categories 
for a vertex operator algebra, I, Sel. Math. 1 (1995), 699-756. 

[HL2] Y. Huang and J. Lepowsky, A theory of tensor products for module categories 
for a vertex operator algebra, HI, J. Pure Appl. Alg. 100 (1995), 141-171. 

[LI] H. Li, Symmetric invariant bilinear forms on vertex operator algebras, J. Pure 

and Appl. Math. 96 (1994), 279-297. 

[L2] H. Li, Determining fusion rules by A(V)-modules and bimodules, J. Algebra 

212 (1999), 515-556. 

[LL] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras, and Their 

Representations, Progress in Math. Vol. 227, Birkhauser, Boston 2004. 

[MT] M. Miyamoto and K. Tanabe, Uniform product of Ag^niV) for an orbifold model 
V and G-twisted Zhu algebra, J. Algebra 274 (2004), 80-96. 



17 



[Z] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer, 

Math. Soc. 9 (1996), 237-302. 



18 



